A set A N 0 is called a basis of order two if
A set A is a basis of order two if A+A=N 0 .
A (n) :=>[a # A | 1 a n].
A simple combinatorial argument (Rohrbach [7] ) shows On the other side there is a basis A such that (Sto hr [9] , [10] , Raikov [6] )
A(n)
A (n) 
STO HR'S AND RAIKOV'S THIN BASIS
If I, J N 0 then ItJ means that both sets differ only by a finite number of elements. Otherwise we write I t % J. We denote by I :=N 0 "I the complement of I and by E :=[0, 2, 4, ...] the even numbers.
Furthermore let
For each I N 0 we have
I =N 0 so that
is a basis with A I (n)Â-n=2. Sto hr [10 ] and Raikov [6] considered the case I=N 0 or I=< and received lim 
=2.607 ... .
For the proof we need a Lemma 1. Let J N 0 be finite with at least two elements, let j 0 and j k be the minimal and maximal element in J, let n= :
Proof. We observe that
Therefore, we have
and the lemma follows.
This lemma shows that it is enough for lim A I (n)Â-n to consider elements of the form
so (a) follows by a simple calculation.
To show (b) we simply observe that there must be an infinite set J with
so that
PARTIALLY THIN BASES
For the next theorem we need two results concerning the postage stamp problem.
If
k is a set with k positive elements then n (2, A k ) denotes the greatest integer r such that
For k=7t+2 , t # N Mrose [5] constructs a set A k as follows:
and choose
Then with
This gives
In this situation it makes no sense letting k go against infinity, for A (1) and therefore A k goes against N 0 . However, using a similar idea as Atkin [1] used in connection with pseudosquares we start with
and continue inductively by choosing
is a basis with
But, choosing n i =a i +t i we find
Instead of starting with Mrose's set A k we may use the set A k of Ha mmerer and Hofmeister [3] :
We have for m i =10t i , t i 2 , l i t i (see Ha mmerer and Hofmeister [3] )
We must have
and that the maximal distance of two consecutive elements of
is not greater than m i . So we choose
l i+1 :=w:l i x=w:;t i x , ; 1, ; # R.
is a basis.
and
-10 (1+;) .
Looking at
we find
6+4:+;
-10 (1+;)
. Now, for given =>0 we choose
Thus, we get 
AN UNIFORMLY THIN BASIS Our final result is
Theorem 3. There is a basis D such that
In order to prove this we define for real :, ;, : ;&1, m # N, We need some basic knowledge about the Frobenius problem: Let m 1 , m 2 # N be coprime. Then g(m 1 , m 2 ) denotes the greatest integer with no representation
Then G(m 1 , m 2 ) :=g(m 1 , m 2 )+1 is minimal such that each n G(m 1 , m 2 ) has a representation (1). If m Ä 1 , m Ä 2 is defined by
then (as essentially known to Sylvester [11] )
h(m 1 , m 2 ) :=m 1 m 2 is the greatest number h with no representation (4)
Proof. Let n~:=n&W: 1 X&W: 2 X and observe that if
has no representation (6) (otherwise we would have m 1 m 2 =(l 1 &x 1 ) m 1 + (l 2 &x 2 ) m 2 which is a contradiction to (4)). But
has such a representation. Let n~0&(k&1) have a representation (6):
We ask: when does n~0&k have a representation (6)?
We have (because of (5))
If x 1 &m Ä 1 +m 2 l 1 and x 2 &m Ä 2 +m 1 l 2 we get the contradiction
Thus
But then n~0&k has a representation
If x 1 m Ä 1 or x 2 m Ä 2 , then with (7) we can in (8) choose y 1 0 and y 2 0. The least k, for which this choice is not possible is determined by
For this k we have (because of (2))
Therefore, each n~with
has a representation (6). Obviously
Remark. We want to apply this lemma to the set
where P i :=[:; 2i , (q i ) , (:+; n ) ; 2i &q i ], :>0, ;>1 real, n 3 integer (later we will choose n=3, ;=-5 3 , :=; n Â(; 2 &1)), q i denotes the greatest prime number ; i &1, i 0 is chosen so large that for all i i 0 all q i are distinct, in particular pairwise coprime.
Using the prime number theorem (compare, e.g., Scheid [8] ) we get for all sufficiently large i
For all sufficiently large i we have
For all these i we can apply the lemma to
and then to Because of ;>1 we have
Therefore, we have no gaps between the intervals generated by
and no gap between the intervals from
Then
is a basis. Furthermore we wish that the difference between the greatest element of P i and the least element of P i+1 is greater or equal to q i . This means
We choose :=; n Â(; 2 &1). Starting with
On the other side with 
where h>1 and *>0. 
